Restricted edge connectivity is a more refined network reliability index than edge connectivity. A restricted edge cut F of a connected graph G is an edge cut such that G −F has no isolated vertex. The restricted edge connectivity λ is the minimum cardinality over all restricted edge cuts. We call G λ -optimal if λ = ξ , where ξ is the minimum edge degree in G. Moreover, a λ -optimal graph G is called a super restricted edge-connected graph if every minimum restricted edge cut separates exactly one edge. Let D and g denote the diameter and girth of G, respectively. In this paper, we first present a necessary condition for non-super restricted edge-connected graphs with minimum degree δ ≥ 3 and D ≤ g − 2. Next, we prove that a connected graph with minimum degree δ ≥ 3 and D ≤ g − 3 is super restricted edge-connected. Finally, we give some sufficient conditions on the conditional diameter and the girth for super restricted edge-connected graphs. Keywords: restricted edge connectivity; super restricted edgeconnected graphs; diameter; girth
where ε = |E(G)|. The polynomial R(G; ρ) is called the (all-terminal) reliability of G. Clearly, the larger R(G; ρ) is, the more reliable is the network. But in general, to determine R(G; ρ), i.e., to determine every m i , is NP-hard [5, 16] . When ρ is sufficiently small, the maximum of R(G; ρ) can be obtained by maximizing λ first and then minimizing m λ , m λ+1 , . . . , m ε sequentially [18] .
The degree d(v) of the vertex v in G is the number of vertices adjacent to v, and the edge degree d(e) of the edge e = uv in G is d(u) + d(v) − 2. Let δ = δ(G) and ξ = ξ(G) denote the minimum degree and the minimum edge degree in G, respectively. It is well known that λ ≤ δ for a general graph. If λ = δ, then G is said to be maximally edge-connected. To minimize m λ , Bauer et al. [6, 7] defined the super-λ graphs. A graph G is said to be super-λ if each of its minimum edge cuts isolates a vertex. That is, if F is a set of λ edges such that G − F is disconnected, then F is the set of edges incident with a certain vertex of G. If G is super-λ, then λ = δ. But the converse is not true. As a more refined index than edge connectivity, restricted edge connectivity was proposed by Esfahanian and Hakimi [9] . A set of edges F in a connected graph G is called a restricted edge cut if G − F is disconnected and contains no isolated vertex. If such an edge cut exists, then the restricted edge connectivity of G, denoted by λ = λ (G), is defined to be the minimum number of edges over all restricted edge cuts of G. A restricted edge cut F is called a λ -cut if |F| = λ (G). A connected graph G is called λ -connected if λ (G) exists. Esfahanian and Hakimi [9] showed that each connected graph G of order ν ≥ 4 except a star K 1,ν−1 is λ -connected and satisfies λ(G) ≤ λ (G) ≤ ξ(G). So a connected graph G must be λ -connected if δ ≥ 3. A graph G is called a λ -optimal graph if λ (G) = ξ(G). Moreover, G is super restricted edgeconnected, in short, super-λ , if every minimum restricted edge cut of G isolates one edge. That is, every minimum restricted edge cut of G is a set of edges adjacent to a certain edge with minimum edge degree in G. By definition, a super-λ graph must be a λ -optimal graph. However, the converse is not true because there are many λ -optimal graphs that are not super-λ . A trivial example is C ν (ν ≥ 6), the cycle of length ν. It should be pointed out that if δ ≥ 3, then a λ -optimal graph must be super-λ. In fact, a graph G is super-λ if and only if λ = δ < λ [14, 15] .
For u, v ∈ V (G), the distance d(u, v) = d G (u, v) between them is the length of a shortest path from u to v. The diameter D = D(G) is the maximum distance between two vertices of G and the girth g = g(G) is the length of a shortest cycle in G. Some sufficient conditions for a graph to be maximally edge-connected or super-λ have been given in terms of its diameter D and its girth g.
Theorem A.
(1) [17] . G is maximally edge-connected if D ≤ 2 (g − 1)/2 . (2) [10] . G is super-λ if δ ≥ 3 and D ≤ 2 (g − 1)/2 − 1. (3) [2] . G is super-λ if G is a bipartite graph with δ ≥ 3 and D ≤ g − 2. (4) [11] . λ (G) ≥ 2δ − 2 if δ ≥ 3 and D ≤ 2 (g − 1)/2 − 1.
Later, the following theorem was obtained in [19] , which generalized the above-mentioned results.
Theorem B ([19]). If δ ≥ 3 and D
Recently, many sufficient conditions for a graph to be λ -optimal were given with girth g and diameter D [4, 13, 14] . In particular, a theorem given in [4] improves Theorem B.
Theorem B ([4]). Let G be a λ -connected graph with
Wang and Li [19] pointed out that the graph W shown in Figure 1 satisfying the conditions in Theorem B is not super-λ , and made the following conjecture. Conjecture A ( [19] ). Suppose that G is not isomorphic to W shown in Figure 1 .
In fact, this conjecture is false. A counterexamples is given in Figure 2 . In this paper, we shall present a necessary condition for non-super-λ graphs with δ ≥ 3 and D ≤ g − 2.
According to this necessary condition, it can be easily seen that a graph G satisfying δ ≥ 3 and [B] . In [3] , some conditions were given to guarantee λ = ξ for graphs with diameter D ≥ g−1 by introducing the concept of conditional diameter. For any property P satisfied by some pairs (V 1 , V 2 ) of non-empty subsets of V , the conditional diameter, or simply the P−diameter of G, is defined by (see [1] )
In particular, for any non-negative integer k, let In this paper, it is shown that the conditions in Theorem C also guarantee that G is super-λ if δ ≥ 3 instead of δ ≥ 2. Considering C ν (ν ≥ 6), we know that the condition δ ≥ 3 is necessary.
For graph-theoretical terminology and notation, not defined here, we follow [8] . We only consider finite, undirected and simple connected graphs G = (V , E). For every
Let F ⊆ E and x ∈ V . We denote by F(x) the subset of F whose edges are incident with x. For A ⊆ V , let F(A) = ∪ x∈A F(x).
PROPERTIES OF λ -OPTIMAL GRAPHS
Let G be a λ -connected graph and let F be an arbitrary λ -cut of G. By the minimality of F, the graph G − F consists of exactly two components, say G 1 and G 2 . Then,
such that both X 0 and Y 0 are the end vertices of the edges of F, we will also write
It is easy to see that
We will use such notation in this section and next section.)
The main goal of this section is to give some useful properties of G 1 and G 2 . By reason of symmetry, we only discuss G 1 . We first present the structure of G 1 when m = 0.
Since |V (G 1 )| ≥ 3, we may assume, without loss of generality, N G 1 (x) − {y} = ∅. Picking arbitrarily y ∈ N G 1 (x) − {y} and considering the edge xy similarly, we have
This implies the following: (1) A 0 , B 0 , C 0 , and D 0 are pairwise disjoint subsets of 
exists a cycle of length at most 2m + 2 through y, x, y , which
and let us consider the subgraph
Suppose, on the contrary, there exists a vertex
This implies that there exists a cycle of length at most 2m + 2 through x, z, a contradiction. The proof is complete. 
(y 1 ), and let
(y 2 ) − {x} = ∅, there exists at least one vertex, say w,
we can find a cycle of length at most 2m through y 2 , w, a contradiction completing the proof of Claim 1.
By Claim 1, we can assume
we can find a cycle of length at most 2m through
we can find a cycle of length at most 2m−1 through z, x, a contradiction. Thus, (y 2 ) = ∅, we have d(y 2 ) = 2, a contradiction completing the proof of Claim 2.
∈ . It follows that d H− (w) ≥ 2 for any vertex w ∈ V (H)− . Therefore, the subgraph H − has cycles. The proof is complete. 
and let us consider the subgraph H = T − . By assumption, H has no cycle, which implies that there exists a vertex x of H such that d H (x) ≤ 1. Clearly, x ∈ X m and
Considering the edge xy 1 
we can find a cycle of length at most 2m +3 through x, w, z, v, which contradicts g = 2m +4. Figure 1 
MAIN RESULTS

Theorem 3.1. Let G be a graph with δ ≥ 3, D ≤ g − 2 which is not isomorphic to the graph W shown in
. If F = [V (G 1 ), V (G 2 )
] is a λ -cut such that each vertex of G 1 is incident with at least one edge of F, then either |V
Proof. By Theorem B, G is a λ -optimal graph. It is easy to verify that every complete graph of order at least 4 is super-λ . Hence it suffices to prove the case D ≥ 2. Since D ≤ g − 2, it follows that g ≥ 4.
Since
] is a λ -cut such that each vertex of G 1 is incident with at least one edge of F, it follows that V (G 1 ) = X 0 . Assume by way of contradiction that |V (G 1 )| ≥ 3 and |V (G 2 )| ≥ 3. By Lemma 2.1, |F(x)| = 1 for each vertex x ∈ V (G 1 ) and G 1 is a complete bipartite graph, say
This shows that there exists a cycle of length 4 in G 1 . So g = 4 and hence
We consider the distance between w and every vertex in V (G 1 ). Since D = 2 and |F(u)| = 1 for each u ∈ V (G 1 ), the vertex w is adjacent to every vertex in U i , i = 1, 2. Combining this with g = 4, it follows that E(G[Y 0 ]) = ∅. Suppose |U 1 | > 1 and let y 1 , y 2 be two distinct vertices in U 1 . We have that the distance between y 1 and each vertex in N G 1 (y 2 ) is at least 3, contradicting D = 2. Therefore |U 1 | = 1. We also have |U 2 | = 1 similarly. In this case, since d(w) ≥ 3, there is a vertex w ∈ V (G 2 ) − Y 0 such that ww ∈ E(G). Since w is arbitrary, the vertex w is adjacent to every vertex in U 1 and U 2 , too. It follows that there exists a cycle of length 3 through w, w , a contradiction. Hence V (G 2 ) = Y 0 . By Lemma 2.1, |F(y)| = 1 for each vertex y ∈ V (G 2 ) and G 2 is a complete bipartite graph, say
We will show that , 2) and |S 2 | = 2 similarly. It follows that G is isomorphic to the graph W , contradicting the hypothesis. The proof is complete.
■
The following corollary shows that Conjecture A is true for graphs with D = 2. Proof. The necessity is trivial. We shall prove the sufficiency below. Let G be not isomorphic to W and let Consider the graph shown in Figure 3 . By Corollary 3.1, we know that the graph is super-λ , but Theorem D does not apply to the graph. So Corollary 3.1 improves Theorem D in this sense.
Without loss of generality, we shall assume m ≤ n in this section.
Lemma 3.1. Let G be a graph with
The proof is complete. Proof. Suppose, on the contrary, there exists a vertex
Then we can find a path P = v 1 v 2 v 3 in G n 2 . Let P 1 , P 2 , and P 3 be the shortest paths from x to v 1 , v 2 , and v 3 , respectively. By Lemma 3.1, we have n = m, D = 2m + 1, and hence the length of 
Clearly, e 1 , e 2 ∈ F(A 0 ). We have e 1 = e 2 . Indeed, if e 1 = e 2 , then there exists a cycle of length at most 2m + 1 through u, v in G 2 , which contradicts g = 2m + 3. Suppose z is another vertex in A m and let P 1 and P 2 be shortest paths from z to u and v, respectively. Set {e i } = E(P i ) ∩ F for each i ∈ {1, 2}. Similarly, e 1 = e 2 . If there exist i, j ∈ {1, 2} such that e i = e j , then since z, z ∈ A m , there is a cycle of length at most 2m + 2 through z, x, z in G 1 , a contradiction. Therefore, e 1 , e 2 , e 1 , e 2 are four distinct edges in F(A 0 ). Claim 1 follows. 
Proof. By Theorem B, G is a λ -optimal graph. By Lemma 2.6, we have m = (g − 4)/2, that is, g = 2m + 4. Suppose that n > m and let x ∈ X m , u ∈ Y n . Since 2m contains edges, then we can find two cycles such that the distance between them is at least g − 4 from Lemma 2.4, a contradiction. For the remaining cases, it is easy to find two edges such that the distance between them is at least g−1. This is a contradiction. The proof of (2) is complete. them is at least g − 2. This is a contradiction. The proof is complete. 
CONCLUSION
The super restricted edge connectivity is an essential parameter of an interconnection network. In this paper, we study the super restricted edge connectivity of graphs with small diameter or conditional diameter. First, we point out that a conjecture on super restricted edge connectivity is true for graphs with diameter 2 though it is false in general. Second, we give sufficient conditions for a graph to be super restricted edge-connected in terms of its diameter and its girth. Third, we present sufficient conditions on the conditional diameter (instead of the diameter itself) and the girth for super restricted edge-connected graphs. Finally, we expect that the methods used in this paper can be generalized to discuss other parameters, such as k(>2) restricted edge connectivity.
